Predicting minimum-bias trigger-associated dijet correlations in p-p
  collisions by Trainor, Thomas A.
Version 2.4
Predicting minimum-bias trigger-associated dijet correlations in p-p collisions
Thomas A. Trainor
CENPA 354290, University of Washington, Seattle, Washington 98195
(Dated: October 22, 2018)
A method is derived to predict the structure of dijet-related hard components of trigger-associated
(TA) hadron correlations from p-p collisions based on measured fragmentation functions (FFs)
from e+-e− or p-p¯ collisions and a minimum-bias (MB) jet or scattered-parton spectrum from p-p¯
collisions. The method is based on the probability chain rule and Bayes’ theorem and relates a
trigger-parton–associated-fragment system from reconstructed dijets to a trigger-hadron–associated
hadron system from p-p data. The method is tested in this study by comparisons of FF TA structure
with preliminary p-p TA data but can also be applied to p-A, d-A and A-A collisions over a range of
energies. Quantitative comparisons of measured TA correlations with FF-derived predictions may
confirm a QCD MB dijet mechanism for certain spectrum and correlation structures whose origins
are currently questioned and have been attributed by some to collective expansion (flows).
PACS numbers: 12.38.Qk, 13.87.Fh, 25.75.Ag, 25.75.Bh, 25.75.Ld, 25.75.Nq
I. INTRODUCTION
The role of QCD jets in high-energy nuclear collisions
is currently strongly debated. In a high-energy physics
(HEP) context dijet production has been long accepted
as an important mechanism for hadron formation by par-
ton fragmentation [1–3]. Projectile-nucleon fragmenta-
tion (dissociation) is the other principal hadron produc-
tion mechanism in elementary p-p collisions [4]. But
in a heavy-ion context “freezeout” from a flowing bulk
medium is assumed to be the nearly-exclusive hadron for-
mation mechanism [5]. Recent experimental results are
interpreted to suggest that bulk-medium collectivity may
even play a role in small p-p, p-A and d-A systems [6]. In
effect, previously-accepted contributions from minimum-
bias (MB) dijets to high-energy nuclear collisions are dis-
placed by the claimed presence of strong collective mo-
tion (flows) in a thermalized bulk medium or quark-gluon
plasma to explain spectrum and correlation structure, in
small as well as large collision systems.
Claims of a flowing bulk medium, quark-gluon plasma
(QGP) or “perfect liquid” [7, 8] are based in part on the
a priori assumption that all hadrons with transverse mo-
mentum pt < 2 GeV/c emerge from a thermalized bulk
medium [9], an interval that includes almost all final-state
hadrons and more than 90% of minimum-bias (MB) jet
fragments, consistent with direct jet measurements and
QCD predictions [10–13]. Differential analysis of spectra
and correlations in the same systems appears to confirm
a dominant role for dijet production [11, 13–18]. Res-
olution of the apparent contradiction requires establish-
ment of a more comprehensive description of dijet mani-
festations in elementary p-p collisions that applies to all
jet phenomenology (yields, spectra and correlations) over
the complete hadron fragment momentum space down to
the kinematic energy and momentum limits where most
jet fragments should appear.
In previous studies a jet-related hard component was
isolated from the pt spectrum of 200 GeV p-p collisions
by means of its charge multiplicity nch dependence, lead-
ing to a two-component (soft+hard) spectrum model
(TCM) [16]. A similar differential analysis of Au-Au
spectra revealed that the spectrum hard component per-
sists for all centralities, although the form changes quan-
titatively in more-central collisions [11]. The spectrum
hard components for p-p and Au-Au have been described
quantitatively by a pQCD calculation [13] based on a
MB parton spectrum [19] and measured parton fragmen-
tation functions (FFs) [10]. Those results strongly sug-
gest that (a) the spectrum and angular-correlation hard
components in p-p collisions and Au-Au collisions for all
centralities are jet related [11, 13], (b) one third of final-
state hadrons in 200 GeV central Au-Au collisions are
included within intact MB jets (minijets) [12, 14] and (c)
dijet production in p-p collisions increases as n2ch, a trend
inconsistent with the eikonal approximation [16, 20].
The present study extends that program by introduc-
ing a method to predict two-dimensional (2D) trigger-
associated (TA) hadron correlations arising from dijets
produced in high-energy p-p collisions based on measured
FFs and a large-angle-scattered parton spectrum. Com-
parisons with measured TA correlations may establish
the kinematic lower limits on dijet energy and fragment
momentum. Identification of unique dijet contributions
to TA correlations in p-p collisions may then test claims
of novel nonjet physics (bulk collectivity) in p-A, d-A and
heavy ion (A-A) collisions at the Relativistic Heavy-Ion
Collider (RHIC) and the Large Hadron Collider (LHC).
The 1D pt spectrum TCM describes a marginal projec-
tion of 2D TA correlations formed by pairing the highest-
momentum hadron in each event (trigger particle) with
any other hadron (associated particle) [21]. Some frac-
tion of those pairs (the TA hard component, possibly jet
related) can be isolated by subtracting a TA TCM soft-
component model [21]. The purpose of the present study
is prediction of the 2D TA hard component obtained from
p-p data using measured FFs and a MB jet spectrum to
confirm a dijet mechanism for the hard component. The
method consists in relating the QCD parton-fragment
system to the hadronic trigger-associated system via the
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2probability chain rule and Bayes’ theorem.
This article is arranged as follows: Section II presents
analysis methods. Section III describes a two-component
model for yields and momentum/rapidity spectra from
200 GeV p-p collisions. Section IV presents a TCM for
p-p TA correlations. Section V describes a partition of
parton fragmentation functions into trigger and associ-
ated components. Section VI derives a QCD trigger spec-
trum from FFs. Section VII presents a QCD prediction
for 2D TA correlation hard components. Section VIII
compares QCD TA predictions derived from FFs to pre-
liminary TA data from 200 GeV p-p collisions. Section IX
discusses systematic uncertainties. Sections X and XI
present discussion and summary.
II. ANALYSIS METHODS
A TCM for single-particle spectra and symmetrized
two-particle correlations was applied previously to p-p
and Au-Au collisions at the RHIC. The methods and
results are described in Refs. [11, 14–18, 22–26]. In
the present study we extend those techniques to re-
late scattered-parton FFs and a MB jet spectrum to
hadron TA correlations from p-p collisions. We introduce
the concept of conditional (asymmetric) TA correlations,
based on a trigger hadron as the highest-momentum
hadron in a dijet or p-p collision event, as the princi-
pal focus of study. We combine measured jet (scattered-
parton) spectra from p-p¯ collisions with parton fragmen-
tation functions from p-p¯ and e+-e− collisions to gener-
ate QCD predictions for TA correlations. To establish a
quantitative relation we start with the concept of a joint
three-particle distribution on the parent parton energy
and its trigger and associated fragment momenta. From
projections onto various subspaces we derive a method
to predict p-p TA correlations from jet spectra and FFs.
A. Kinematic variables and spaces
High-energy nuclear collisions are described efficiently
near mid-rapidity by a cylindrical coordinate system
(pt, η, φ), where pt is transverse momentum, φ is the az-
imuth angle from some reference direction and pseudo-
rapidity η = − ln[tan(θ/2)] ≈ cos(θ) is a measure of the
polar angle, the approximation valid near η = 0. A fi-
nite detector angular acceptance is denoted by intervals
(∆η,∆φ) in the primary single-particle space (η, φ).
Although scalar momenta are directly measured by
particle detectors, in this study we prefer to use alter-
native rapidity measures. To provide better visual ac-
cess to low-momentum structure and to simplify the de-
scription of jet-related spectrum hard components and
fragmentation functions (FFs) (both defined below) we
present single-particle (SP) spectra and FFs in terms
of three rapidity variables. Transverse rapidity yt =
ln[(mt + pt)/mh] with transverse mass mt =
√
p2t +m
2
h
and mh = mpi assumed for unidentified hadrons visual-
izes spectrum structure equally well at small or large yt.
Total rapidity y = ln[(E+p)/mh] or longitudinal rapidity
yz = ln[(E + pz)/mt] can be used to describe FFs. Jet
energies are then represented by ymax ≡ ln[2Ejet/mh].
Trigger and associated hadrons may be described in the
p-p collision system in terms of yt or in the FF system in
terms of y, in either case with corresponding subscripts:
yassoc or ytrig for FFs and yta or ytt for p-p collisions.
B. Probability chain rule
This study relies on manipulation of compound proba-
bilities via the chain rule. For a joint distribution on two
variables the chain rule is P (A ∩ B) = P (B|A)P (A) =
P (A|B)P (B), where for example P (B|A) denotes the
conditional probability of B given A. Bayes’ theorem
P (B|A) = P (A|B)P (B)/P (A) is a simple consequence.
If B is independent of A the chain rule leads to factoriza-
tion of P (A∩B). For arbitrary joint distribution f(x, y)
with marginal projections (integrals over y or x) f(x)
or f(y) the chain rule is f(x, y) = fˆ(x|y)f(y) defining
the unit-normal (on x) conditional distribution fˆ(x|y),
a caret signifying a unit-normal distribution. If f(y) is
also unit normal one has the equivalent of a joint proba-
bility system as described above. Generally, a joint dis-
tribution may be factorized as f(x, y) = g(x|y)h(y), and
g(x|y) may not be unit normal on x.
C. Joint, conditional and marginal distributions
In this study we consider relationships among joint and
conditional two-particle distributions on rapidity vari-
ables for several particle types denoted by p (partons),
u (unidentified hadrons), t or trig (trigger hadrons) and
a or assoc (associated [with a trigger] hadrons). Symbol
u for unidentified hadrons avoids confusion with h rep-
resenting distribution hard components (defined below).
Joint distributions are represented by Fαβ(x, y) with sub-
scripts α, β indicating two particle types. Dα(x|y) rep-
resents a distribution on x conditional on y, Fα(x) is a
marginal 1D projection onto x, Sα(y) denotes a particle
spectrum and Sˆα(y) denotes a unit-normal spectrum.
An ensemble of FFs denoted by Du(y|ymax) and con-
ditional on parton rapidity ymax can be combined with
a unit-normal parton spectrum Sˆp(ymax) to form joint
distribution Fup(y, ymax) = Du(y|ymax)Sˆp(ymax). Its
marginal projections are the mean dijet fragment dis-
tribution Du(y) and the spectrum-weighted dijet mul-
tiplicity distribution 2nch,j(ymax)Sˆp(ymax). Integration
of either marginal projection gives ensemble-mean dijet
fragment number 2n¯ch,j (within 4pi angular acceptance).
Other joint distributions include trigger-fragment–parton
distribution Ftp, whose marginals are trigger-fragment
and parton spectra, associated-fragment–parton distri-
3bution Fap and associated-trigger two-fragment distribu-
tion Fat. A principal goal of this study is establishment
of a quantitative relation between measured Fat(yta, ytt)
obtained from 200 GeV p-p collisions and Fup(y, ymax)
derived from measured jet spectra from p-p and p-p¯ col-
lisions and FFs from e+-e− and p-p¯ collisions.
D. Conditional trigger-associated correlations
Symmetrized two-particle correlations on transverse
mass mt × mt [27] and on transverse rapidity yt ×
yt [17, 28] or angle differences (η∆, φ∆) [14, 15, 17, 18, 22]
have been studied extensively and are well-described by
a TCM consistent with the SP spectrum TCM and with
expectations for jet-related angular correlations. Condi-
tional (asymmetric) TA correlations on (yt,assoc, yt,trig)
or (yta, ytt) (with yta < ytt) are related to, but not equiv-
alent to, symmetrized correlations on yt × yt. Asymmet-
ric TA correlations retain additional correlation informa-
tion, and the TA hard component is directly comparable
to measured FFs and pQCD parton (jet) spectrum pre-
dictions as described in this study.
One-dimensional trigger spectra and 2D TA correla-
tions are formed as follows: p-p events in a given nch
class are sorted into trigger classes (ytt bins) based on
the highest yt in each event (trigger particle). The trig-
ger hadron from each event is assumed (with some prob-
ability) to be the proxy for a scattered parton. The dis-
tribution of trigger particles (events) on ytt is the trigger
spectrum. Spectra for nch − 1 associated hadrons (some
may be jet fragments) distributed on yta are accumulated
for each event in trigger class ytt with trigger particles ex-
cluded (no self pairs). The resulting 2D TA distribution
Fat(yta, ytt, nch) can be factored according to the chain
rule into a unit-normal trigger spectrum Tˆ (ytt, nch) (com-
parable to a pQCD parton spectrum) and a 2D ensemble
of conditional distributions A(yta|ytt, nch): associated-
hadron spectra conditional on specific trigger ytt values
(comparable to an ensemble of fragmentation functions
conditional on parton rapidity ymax). All nontrivial com-
binatoric pairs from all events in a given nch class are
retained—no particles or pairs are excluded by pt cuts.
E. Modeling the TA hard component with FFs
A 2D TCM for p-p TA correlations Fat can be con-
structed from the 1D SP spectrum TCM [21]. From the
TA TCM we obtain 1D and 2D soft-component models
that can be subtracted from measured distributions Tˆ
and A to obtain jet-related trigger hard component Tˆhh
and TA conditional hard component RhAhh(yta|ytt, nch).
To provide a basis for direct comparison of measured
FFs with TA hard components inferred from p-p colli-
sions we decompose FFs into trigger and associated com-
ponents by means of void probabilities (defined below).
The trigger and associated FF components Sˆt(ytrig|ymax)
and Da(yassoc|ymax) are then combined to predict mea-
sured trigger Tˆhh(ytt) and conditional TA Ahh(yta|ytt)
hard components, the main goal of this study.
III. p-p TWO-COMPONENT MODEL
We want to describe all aspects of minimum-bias jet
contributions to p-p spectra and correlations, the frag-
ments from all dijets produced in p-p collisions appear-
ing within some detector acceptance. Here we define a
TCM for yields and 1D SP spectra. In Sec. IV we derive
the corresponding TCM for 2D TA correlations [21]. In
Sec. VII we derive a corresponding TA model or predic-
tion from parametrizations of measured FFs and from
measured jet spectra. By combining those results we es-
tablish a quantitative correspondence between event-wise
reconstructed dijets and jet-related fragments as they ap-
pear in p-p spectra and correlations with various condi-
tions imposed.
A. Soft and hard events and yield nch components
p-p collisions can be separated into soft and hard event
types. Hard events include at least one minimum-bias
dijet within the angular acceptance and therefore both
soft and hard spectrum and correlation components. Soft
events include no jet structure within the acceptance and
therefore only soft components. Soft and hard event
types are distinguished from soft and hard components of
ensemble-averaged (MB) yields, spectra and correlations.
Events are separated into several multiplicity classes. For
the purpose of illustration and to compare with prelim-
inary data analysis we define seven classes indexed by
n ∈ [1, 7] as nch/∆η = 1.7, 3.4, 5.5, 7.6, 10.0, 13.7, 18.8.
Dijet production in p-p collisions scales approximately
as n2ch [16] and is more directly related to the multi-
plicity soft component ns (defined below). For a given
ns the dijet number within some η acceptance ∆η is
nj(ns) = ∆η f(ns), with dijet frequency f(ns) per unit
η scaled from non-single-diffractive (NSD) p-p collisions.
The nj(ns) trend is described in Sec. III C. The Poisson
probabilities for soft and hard events are then respec-
tively Ps(ns) = exp(−nj) and Ph(ns) = 1− Ps(ns).
The yields nx and nxy defined below correspond
to spectrum integrals within some angular acceptance
(2pi,∆η). We then define 1D angular densities ρx =
nx/∆η. For each multiplicity class defined by some
nch interval we have ns + nh = nch averaged over all
events. For soft events nss = nch and for hard events
nhs + nhh = nch. We then obtain the relations
nch = ns + nh = Psnss + Ph(nhs + nhh) (1)
ns = Psnch + Phnhs and nh = Phnhh.
The relation between hard components nh and nhh and
dijet production is further described in Sec. III C.
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FIG. 1: Left: Soft and hard event probabilities Ps and Ph
and dijet number nj within acceptance ∆η = 2 for seven
multiplicity classes. Right: The number of dijets per hard p-p
collision for two acceptances, all for 200 GeV p-p collisions.
Figure 1 (left) shows the variation of soft and hard
event-type probabilities Px with event multiplicity nch
for acceptance ∆η = 2. The mean number nj of di-
jets per event within some acceptance ∆η follows Ph for
smaller multiplicities but exceeds that quantity for larger
multiplicities. Figure 1 (right) shows ratio nj/Ph vs nch
representing the mean number of dijets per hard event for
two acceptances. For convenience in this study we also
define the dijet excess per hard event ∆nj = nj/Ph − 1.
This treatment assumes that nch is the total num-
ber of charged hadrons appearing in angular acceptance
(2pi,∆η) integrated over all yt. If the yt acceptance has
a nonzero lower limit (detector acceptance) the affected
quantities in the reduced acceptance are n˜ch, n˜s, n˜ss and
n˜hs with n˜ch = n˜s+nh = n˜ss = n˜hs+nhh. The spectrum
hard components are assumed to be fully included within
typical detector yt acceptances. To simplify notation in
what follows we introduce tildes explicitly only at points
where the effect of partial yt acceptance is relevant.
B. p-p single-particle spectra
Single-particle spectra from 200 GeV p-p collisions
plotted on yt for several charge multiplicity nch classes
(within some acceptance ∆η) reveal a composite spec-
trum structure represented by two fixed functional forms
[unit-integral soft and hard components Sˆ0(yt) and
Hˆ0(yt)] with amplitudes scaling approximately as nch
and n2ch [16]. The TCM for SP yt spectra from p-p colli-
sions is then described by
ρ(yt, nch) ≡ d
2nch
ytdytdη
= S(yt, nch) +H(yt, nch) (2)
= ρs(nch)Sˆ0(yt) + ρh(nch)Hˆ0(yt),
where ρs = ns/∆η and ρh = nh/∆η are soft and hard
angular densities, and ρ0(nch) = nch/∆η is the corre-
sponding total charge density. Soft component Sˆ0(yt) of
the SP TCM is defined as the limiting form as ρs → 0
of spectra normalized as ρ/ρs. Hard component Hˆ0(yt)
models data hard components H(yt, nch)/ρs obtained by
subtracting model Sˆ0(yt) from those normalized spectra.
Based on comparisons with theoretical models the
soft component is interpreted to represent longitudinal
projectile-nucleon fragmentation (dissociation) while the
hard component represents transverse-scattered-parton
fragmentation [11]. The hard component of 1D SP spec-
tra interpreted as a manifestation of MB dijet structure is
consistent with jet-related two-particle correlations and
in quantitative agreement with pQCD predictions [11–
13, 16]. The p-p SP spectrum TCM serves in turn as the
basis of a 2D TCM for p-p TA correlations.
SP spectra can also be expressed in terms of soft and
hard event types
ρ(yt, nch) = Ps(nch)Ss(yt, nch) (3)
+ Ph(nch)[Sh(yt, nch) +Hh(yt, nch)]
with corresponding TCM model elements Ss = ρ0Sˆ0(yt),
Sh = ρhsSˆ0(yt), Hh = ρhhHˆ0(yt) and H = PhHh.
In this analysis we compare fragment distributions de-
rived from FFs defined on total momentum p or total
rapidity y with a TCM based on p-p spectra defined
on transverse momentum pt or transverse rapidity yt.
Spectra are defined as dnch/ytdyt whereas fragmentation
functions are defined as 2dnch,j/dy. The spectrum hard
component in the form ytH(yt) is compared with a frag-
ment distribution Du(y) derived from FFs as in Ref. [13].
C. p-p minimum-bias dijet production
Equation (2) integrated over some angular acceptance
(2pi,∆η) becomes
F (yt, nch) =
dnch
ytdyt
= nsSˆ0(yt) + nhHˆ0(yt), (4)
with F (yt, nch) ≡ nchFˆ (yt, nch) = ∆ηS+∆ηH. For hard
events Fh = Fhs + Fhh, and corresponding nhs and nhh
from Eq. (1) are the integrals over yt. The multiplic-
ity trend for the extracted hard components reported in
Ref. [16] implies that nh/ns = αns/∆η or
ρh(ns) = α(∆η)ρ
2
s (5)
≡ f(ns)(∆η)2n¯ch,j ,
where the second line represents the jet hypothesis from
Ref. [16] and defines dijet frequency f = dnj/dη (mean
dijet number per p-p event per unit η) with mean di-
jet fragment multiplicity 2n¯ch,j into 4pi acceptance. The
factor  ∈ [0.5, 1] represents the fraction of a dijet that
appears within acceptance ∆η in hard events [13]. Given
ρ0 = ρs + αρ
2
s we have
ρs(nch) =
√
4αρ0 + 1− 1
2α
(6)
as the soft component derived from charge density ρ0.
5Based on a universal model of jet spectra (see App. B)
we derive an estimate of the jet frequency fNSD for 200
GeV non-single-diffractive (NSD) p-p collisions
fNSD =
1
σNSD
dσj
dη
= 0.025± 0.005, (7)
and an estimate of the MB dijet mean fragment multi-
plicity within 4pi acceptance
2n¯ch,j =
α(∆η) ρ2s,NSD
fNSD(∆η)
= 2.2± 0.5 (8)
assuming ρs,NSD ≈ 2.5 for 200 GeV NSD p-p collisions,
with α ≈ 0.005 [16] and (∆η) ≈ 0.6 for ∆η = 1 [12, 13].
We also obtain ρh,NSD = 0.03± 0.005.
From a TCM analysis of p-p spectrum nch depen-
dence we determine the model functions Sˆ0(yt) and
Hˆ0(yt) and the dijet frequency f(ns) = nj(ns)/∆η =
(ρs/2.5)
2fNSD. In general, dividing a hard-component
contribution to hard events (spectra or correlations) by
factor nj(ns)/Ph(ns) (number of dijets per hard event in
∆η) should produce a result directly comparable to the
properties of single dijets. We next employ the 1D SP
spectrum TCM to derive a model for 2D TA correlations.
IV. TRIGGER-ASSOCIATED TCM
The TCM for 1D single-particle yt spectra in Eq. (2)
derived from 200 GeV p-p collisions can be used to
define a TCM for 2D TA correlations in the form
Fat(yta, ytt, nch) = Tˆ (ytt, nch)A(yta|ytt, nch) including
soft and hard components as in Ref. [21]. By subtract-
ing a 2D TA soft-component model from the associated-
particle conditional distribution A(yta|ytt, nch) we can
isolate a conditional TA hard component of hard events
Ahh(yta|ytt, nch) that may be compared directly with
measured FF systematics and pQCD parton spectra. All
TA results depend on a specific angular acceptance spec-
ified in this case as 2pi azimuth and ∆η.
A. Trigger spectrum TCM
We first define the TCM for 1D unit-normal trigger
spectrum Tˆ (ytt, nch) based on the SP spectrum TCM
from Sec. III B. Trigger particles arise from (sample)
soft or hard events, and for hard events arise from ei-
ther the soft or hard spectrum component. For a se-
quence of independent trials (collision events), each in-
cluding nch samples from a fixed unit-normal parent
spectrum Fˆx(yt) (x denotes soft s or hard h event type),
we sort events according to the maximum sample value
ytt in each event. Parent distributions are denoted by
Fˆs(ytt) = Sˆ0(ytt) for soft events and Fˆh(ytt, nch) =
phs(nch)Sˆ0(ytt) + phh(nch)Hˆ0(ytt) for hard events, with
phs = n˜hs/n˜ch and phh = nhh/n˜ch. We then define the
trigger spectrum as
Tˆ (ytt, nch) ≡ 1
Nevt(nch)
dntrig
yttdytt
(9)
= Ps(nch)Gs(ytt, nch) n˜chFˆs(ytt)
+Ph(nch)Gh(ytt, nch) n˜chFˆh(ytt, nch)
= Ps(nch)Tˆs(ytt, nch) + Ph(nch)Tˆh(ytt, nch).
In each term factor Fˆx(ytt, nch) is the probability of
a sample at ytt from the parent spectrum, and factor
Gx(ytt, nch) (defined below) is the probability of a void
(no samples) above that ytt. The Px are the event-type
probabilities defined in Sec. III A. The sum of products
gives the probability of a trigger particle at ytt from either
event type. The corresponding data trigger spectrum is
unit normal by construction.
The void probabilities Gx(ytt, nch) are defined as fol-
lows: For events with a trigger at ytt no samples can
appear with yt > ytt (void interval). The mean spectrum
integral above ytt within acceptance ∆η is
nxΣ(ytt, nch) =
∫ ∞
ytt
dytytn˜chFˆx(yt) (10)
separately for spectra Fˆx(yt) from soft or hard events.
The void probability for event type x is Gx(ytt, nch) =
exp[−κxnxΣ(ytt, nch)], where O(1) factors κx may ac-
count for non-Poisson correlations. κ is the only ad-
justable parameter in the trigger-spectrum model. In
Ref. [21] ad hoc O(1) correction factors Tx0(nch) were
introduced. However, such factors are neither necessary
nor permitted in the data description because Gx → 1 for
larger ytt, and model nhhHˆ0(ytt) describes the measured
spectrum hard component accurately in that region.
For hard events the void probability factorizes as Gh =
GhsGhh because nhΣ = nhsΣ + nhhΣ has contributions
from both the soft and hard components of Fh(ytt, nch) =
n˜chFˆh(ytt, nch) = ∆η(Sh+Hh). The trigger spectrum for
hard events is then decomposed as
Tˆh = Ghn˜chFˆh (11)
= GhhTˆhs +GhsTˆhh
with GhsTˆhh representing all hard triggers from dijets in
hard p-p collisions. Note that these definitions of Tˆhs and
Tˆhh are different from those in Ref. [21]. Factor Ghs is
a form of inefficiency. What appears in a measured p-p
trigger spectrum is the result of competition between soft
and hard components to provide the trigger in a given
hard p-p collision. Potential jet triggers are replaced by
soft triggers in some fraction of hard events.
Figure 2 shows Tˆh (bold solid curve, all triggers from
hard events), Tˆhs (dash-dotted curve, soft triggers from
hard events) and Tˆhh (dashed curve, hard triggers from
hard events) for two multiplicity classes compared to the
spectrum hard component of hard events Hh(ytt) (thin
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FIG. 2: The terms of Eq. (11) for two multiplicity classes
and for ∆η = 2. Unit-normal hard-event trigger spectrum
Tˆh is the bold solid curve. Its soft and hard components
are denoted by dashed and dash-dotted curves. The dotted
curve is Thh without the Ghs factor. The related hard-event
spectrum hard component ∆ηHh is the thin solid curve.
solid curve) integrated over acceptance ∆η = 2. The
dotted curve is Tˆhh without void probability factor Ghs.
Figure 3 (a) shows predicted unit-normal total trigger
spectrum Tˆ (ytt) (bold solid curve) from Eq. (9) com-
pared to preliminary data (points) from 200 GeV p-p
collisions for multiplicity class n = 5 [29, 30]. Parameter
κ ≈ 1.5 has been adjusted to match the data below the
spectrum mode. The bold dashed curve is PhTˆh and the
light dashed curve is spectrum hard-component model
PhnhhHˆ0(ytt) = nhHˆ0(ytt). The bold dotted curve is
PsTˆs and the light dotted curve is Psn˜chSˆ0(ytt). The ra-
tio of bold to light curve is in either case the void prob-
ability Gx(ytt) for the soft or hard event type.
B. Conditional trigger-associated TCM
We next derive a 2D model for TA two-particle cor-
relations based on the chain rule applied to joint distri-
bution Fat(yta, ytt, nch) formed from all possible trigger-
associated hadron pairs excluding self pairs. We assume
that for a given trigger the associated particles are sam-
pled from soft or hard parent distributions approximated
by those in the 1D SP spectrum TCM subject to marginal
constraints described in Ref. [21]. For multiplicity class
nch the total number of triggers is Nevt(nch), the ob-
served (detected) associated-particle number per event
is n˜ch − 1, and the total trigger-associated pair num-
ber for the given nch class (with self pairs excluded) is
Nevt(nch)(n˜ch − 1).
We assume that the expressions for soft and hard event
types are linearly independent so that Fat(yta, ytt) =
PsFs(yta, ytt) + PhFh(yta, ytt). According to the chain
rule the probability of a TA pair Fx(yta, ytt) can be writ-
ten as the product of trigger probability Tˆx(ytt, nch) and
Ax(yta|ytt, nch), proportional to the conditional probabil-
ity of an associated particle at yta given a trigger at ytt.
The model for Ax(yta|ytt) is also based on the Fx(yt) from
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FIG. 3: (Color online) (a) Unit-normal TCM trigger
spectrum Tˆ (bold solid curve) for multiplicity class n =
5 compared with preliminary TA data from Ref. [29, 30]
(points). Also shown are separate soft- (bold dotted) and
hard- (bold dashed) event spectra. (b) TCM for 2D TA
density Fˆat(yta, ytt). (c) TCM for 2D conditional associated-
particle spectrum ensemble Aˆ = Fˆat/Tˆ . (d) The hard com-
ponent ytaAˆhh ≈ ytaHˆ ′0(yta|ytt) of TCM Aˆ isolated with
Eq. (14). For (c) and (d) the z-axis limits (log scale) are
3 and 0.03; the acceptance is ∆η = 2.
the 1D SP TCM but is set to zero above ytt (the sample
void). We then obtain a 2D TCM for Fat(yta, ytt, nch)
Fat(yta, ytt, nch) =
1
Nevt(nch)
d2nch
yttdyttytadyta
(12)
= Ps(nch)Tˆs(ytt, nch)As(yta|ytt, nch)
+Ph(nch)Tˆh(ytt, nch)Ah(yta|ytt, nch),
where As(yta|ytt, nch) = (n˜ch− 1)Sˆ′′0 (yta|ytt, nch) for soft
events and Ah(yta|ytt, nch) = n˜′hs(nch)Sˆ′0(yta|ytt, nch) +
n′hh(nch)Hˆ
′
0(yta|ytt, nch) ≡ Ahs + Ahh for hard events.
The primes on the spectrum model components indicate
that conditional probabilities may deviate from corre-
sponding 1D SP spectrum models because of imposed
marginal constraints (the soft component includes differ-
ent distortions for the two event types).
The primes on multiplicities n˜xy indicate the effect of
the “missing” trigger hadron. We want n˜hs + nhh = n˜ch
for Fhh and n˜
′
hs+n
′
hh = n˜ch−1 for Ahh. For soft triggers
(n˜hs−1)+nhh = n˜ch−1, but for hard triggers n˜hs+(nhh−
1) = n˜ch − 1. The primed quantities represent averages
over trigger distributions approximated in this case by
scaling the estimated n˜hs and nhh by factor (n˜ch−1)/n˜ch.
7Figure 3 (b) shows the predicted TCM p-p TA distri-
bution Fˆat = Fat/(n˜ch−1) from Eq. (12) for multiplicity
class n = 5 that compares well with preliminary data
from Refs. [29, 30].
The chain rule can also be applied to the full TA
distribution to define the complementary associated-
particle conditional distribution A(yta|ytt, nch). We di-
vide Fat(yta, ytt, nnch) from Eq. (12) by trigger spec-
trum Tˆ (ytt, nch) from Eq. (9) to define a TCM for
A(yta|ytt, nch). The result is an ensemble of associated-
particle distributions on yta conditional on ytt
A(yta|ytt, nch) = dnch(yta|ytt, nch)
ytadyta
(13)
= Ps(nch)Rs(ytt, nch)As(yta|ytt, nch)
+ Ph(nch)Rh(ytt, nch)Ah(yta|ytt, nch).
each integrating to n˜ch − 1, with trigger fractions Rx ≡
Tˆx/Tˆ . The TA TCM can be compared with data in the
forms Tˆ (ytt, nch), A(yta|ytt, nch) and Fat(yta, ytt, nch).
Figure 3 (c) shows predicted p-p TA conditional dis-
tribution A from Eq. (13) for multiplicity class n = 5
that also compares well with preliminary data from
Refs. [29, 30]. The increased amplitude below ytt ≈
2.5 is a marginal-constraint distortion. The integrated
associated-particle multiplicity is constrained to have the
same value n˜ch−1 for each ytt condition but the accepted
yta interval decreases with ytt. Such distortions are repre-
sented by O(1) weight factor Dx(ytt) defined in Ref. [21].
C. Isolating TA data hard component RhAhh
For TCM or real data we can isolate the hard compo-
nent of A by subtracting a TCM soft-component refer-
ence from the ratio A = F/Tˆ according to the method
described in Ref. [16]. We first rearrange Eq. (13) to iso-
late the product RhAhh (hard component of hard events)
PhRhAhh(yta|ytt, nch)=A− PsRsAs − PhRhAhs.(14)
For real data the product RhAhh requires further analysis
after isolation, as described in Sec. VIII C. Note that Ahh
above is denoted by H ′h in Ref. [21].
Figure 3 (d) shows TA hard component Ahh obtained
with Eq. (14) from the TCM as defined in Sec. IV B. The
TA TCM assumes factorization of the hard component
Ahh(yta|ytt) → n′hhHˆ ′0(yta|ytt), the latter derived from
1D SP model function Hˆ0(yt), and that structure is re-
turned in this exercise. There is no correlation between
ytt and yta – the input model is uniform on ytt mod-
ulo the effect of the yta < ytt constraint. The marginal-
constraint distortion is evident along the left edge of Ahh.
For real data (as in Refs. [29, 30]) we expect to
encounter nontrivial jet-related correlation structure in
data hard-component product RhAhh(yta|ytt) that is not
factorizable. The associated-particle spectrum should
change shape with varying trigger condition ytt. Cor-
relation structure should correspond to jet fragment dis-
tributions derived from measured FFs and may reveal
systematic details of low-energy parton fragmentation.
V. PARTITIONING FF ENSEMBLES
We want to predict the dijet-related hard component of
TA hadron correlations from p-p collisions by construct-
ing trigger-associated conditional fragment distributions
derived from measured FF ensembles. The parametriza-
tions of FF ensembles from e+-e− and p-p¯ collisions used
in this study are summarized in App. A. In this section
we partition FF ensembles into trigger and associated
components via the method described in Sec. IV A.
An FF ensemble Du(y|ymax) can be partitioned into
trigger and associated components by defining a void
probability that depends on the absolute number of jet
fragments detected in some angular acceptance. A trig-
ger particle appearing at rapidity ytrig implies a sample
void above that point with void probability Gt(ytrig) de-
rived from the mean sample number per dijet within the
void interval and detector angular acceptance. The num-
ber of detected fragments per dijet above ytrig within
acceptance ∆η is
nΣ(ytrig|ymax) = (∆η)
∫ ∞
ytrig
dyDu(y|ymax), (15)
where factor (∆η) represents the effect of the detec-
tor η acceptance [12, 13]. The void probability is de-
fined by Gt(ytrig|ymax) = exp[−κnΣ(ytrig|ymax)] where
κ ≈ 1 represents the effects of non-Poisson correlations.
Given void (trigger) probability Gt we define comple-
mentary associated probability Ga = 1 − Gt. We then
obtain the FF trigger component as Sˆt(ytrig|ymax) =
Gt(ytrig|ymax)(∆η)Du(ytrig|ymax) and the associated
component Da(ytrig|ymax) by replacing Gt with Ga.
Figure 4 (top row) shows (a) the FF ensemble
Du(y|ymax) for quark jets from e+-e− collisions within 4pi
and (b) its projection onto ymax 2nch,j(ymax). Figure 4
(middle row) shows (c) trigger component Sˆt(ytrig|ymax)
and (d) its projection ntrig(ymax) (one trigger per dijet).
Figure 4 (bottom row) shows (e) associated component
Da(yassoc|ymax) and (f) its projection 2nassoc(ymax) ≈
2nch,j(ymax)−1. Trigger multiplicity ntrig(ymax) should
integrate approximately to 1 and does so (with κ = 1.1)
for e+-e− FFs with ymax > 3.75 (Ejet > 3 GeV) corre-
sponding to observable charged-hadron jets to the right
of the hatched band. Note that Sˆt+Da = (∆η)Du sums
to the fragment distribution appearing within the detec-
tor angular acceptance determined by acceptance factor
. We next consider FF 1D trigger-hadron and 2D TA
distributions in isolation and then relate them to physi-
cal p-p collisions including soft components and multiple
dijets.
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FIG. 4: (Color online) Trigger/associate partitioning of the
FF ensemble for light (uds) quarks from e+-e− collisions. Up-
per panels: (a) parametrized FF ensemble Du(y|ymax) [10]
and (b) its projection onto parton rapidity ymax. Middle
panels: (c) Conditional trigger-spectrum ensemble Sˆt(y|ymax)
and (d) its projection. Bottom: (e) Conditional associated-
fragment-spectrum ensemble Da(y|ymax) and (f) its projec-
tion. The trigger and associated spectra sum as Sˆt+Ds = Du
(see text). The z-axis (log scale) limits are 6 and 0.06 for (a)
and (e) and 4 and 0.04 for (c). The hatched bands indicate
the estimated lower kinematic limit for MB dijet production.
VI. 1D TRIGGER SPECTRUM FROM FFs
To derive a prediction for the trigger-spectrum hard
component from FFs we can combine a measured unit-
normal MB jet/parton spectrum Sˆp(ymax) with the in-
ferred FF 2D trigger component Sˆt(ytrig|ymax) from
Fig. 4 (c) to obtain the required FF trigger spec-
trum Sˆt(ytrig) as a 1D projection. The jet spectrum
is represented by Sp(ymax) = pjetd
2σj/dpjetdη =
(dσj/dη)Sˆp(ymax) as described in App. B. The full
FF joint hadron-parton distribution is Fup(y, ymax) =
Sˆp(ymax)Du(y|ymax). Its marginal projection is Du(y),
the average of Du(y|ymax) weighted by the unit-normal
parton spectrum, with integral 2n¯ch,j the MB mean di-
jet fragment multiplicity within 4pi. In the previous sec-
tion we separated the FF ensemble into components as
Du(y|ymax) = Sˆt(y|ymax) + Da(y|ymax) based on void
probability Gt(y|ymax), with
Sˆt(y|ymax)=Gt(y|ymax)(∆η)Du(y|ymax) (16)
The FF trigger-parton joint distribution is then
Fˆtp(ytrig, ymax) = Sˆp(ymax)Sˆt(ytrig|ymax), the marginal
projection being trigger spectrum Sˆt(ytrig)
Sˆt(ytrig) =
∫ ∞
0
dymaxSˆp(ymax)Sˆt(ytrig|ymax) (17)
≡ Gt(ytrig)(∆η)Du(ytrig)
defining marginal void probability Gt(ytrig) as a
spectrum-weighted average of the Gt(ytrig|ymax). Simi-
larly, Fap(yassoc, ymax) = Sˆp(ymax)Da(yassoc|ymax) with
marginal projection Da(yassoc) integrating to 2n¯ch,j−1.
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FIG. 5: (Color online) Conditional fragment distributions
for light (uds) quarks from p-p collisions. Left: Joint distribu-
tion Fˆtp(y, ymax) relating hadron trigger and parton rapidities
with z-axis (log scale) limits 4 and 1× 10−6. Right: Trigger-
fragment spectrum Sˆt(y) (solid curve), associated-fragment
distribution Da(y) and their sum (dashed curve), the jet frag-
ment distribution Du(y) within acceptance ∆η = 1, com-
pared to the spectrum hard component from NSD p-p colli-
sions (solid points) [16]. The MB parton spectrum Sp(ymax)
(dash-dotted curve) used to construct Fˆtp(ytrig, ymax) is com-
pared to a jet spectrum from 200 GeV p-p¯ collisions (open
squares) [31].
Figure 5 (left panel) shows the joint trigger-parton dis-
tribution Fˆtp(ytrig, ymax) obtained by combining FF trig-
ger component Sˆt(ytrig|ymax) from Fig. 4 (c) with pQCD
parton spectrum Sˆp(ymax). The 2D mode corresponds
to parton (gluon) energies ≈ 3 GeV and hadron trigger
momenta ≈ 1 GeV/c. In this case the FFs represent
light-quark jets from p-p collisions within ∆η = 1. The
locus of modes on ytrig for larger ymax is then consider-
ably higher than for gluon jets, but (≈ valence) quark
jets dominate at the larger parton energies. Near the 2D
distribution mode quark and gluon FFs are equivalent.
Figure 5 (right panel) shows the marginal projections
of Fˆtp(ytrig, ymax) in the left panel compared with other
9results. The projection onto ymax is the parton spectrum
Sˆp(ymax) introduced to construct Fˆtp(ytrig, ymax), com-
pared here with 200 GeV jet cross section data (open
squares, [31]) (the dash-dotted curve includes factor
dσj/dη ≈ 1 mb). The projection onto ytrig (solid curve)
is the sought-after FF trigger spectrum Sˆt(ytrig). The
dotted curve is the projection of Fap(yassoc, ymax), the
associated-particle distribution Da(yassoc). The dashed
curve is the sum Du(y) = Sˆt(y) + Da(y) with  = 0.6
for ∆η = 1 integrating to 1.2. Hard-component data
from 200 GeV p-p collisions (solid points) are scaled as
ytH(yt) = d
2nh/dytdη divided by fNSD = 0.025 for com-
parison with Du(y). The hard component includes trig-
ger and associated components (see Sec. VIII) and inte-
grates to ρh ≈ 0.03 consistent with the text below Eq. (8).
For NSD p-p collisions ∆nj  1 (the probability of a sec-
ond dijet in a hard event is negligible).
VII. 2D TA DISTRIBUTION FROM FFs
From trigger Sˆt(y|ymax) and associated Da(y|ymax)
FF components conditional on parton rapidity ymax
we want to construct TA fragment-pair distribution
Da(yassoc|ytrig) conditional on hadron trigger rapidity
that can be compared with measured TA hard compo-
nent Ahh(yta|ytt) as defined in Sec. IV. Fragment TA
distributions can be obtained from the two FF compo-
nents by introducing a convolution integral over ymax
that eliminates the parton degree of freedom. The result
describes single dijets within a p-p hard event. For direct
comparisons with data we must accommodate the p-p
soft components and effects of multiple dijets per event.
A. Deriving the TA convolution integral
We begin with a schematic description of the method.
From a minimum-bias dijet ensemble we can construct
a three-particle joint distribution on rapidity space
(ymax, ytrig, yassoc) for partons (p) and for trigger (t) and
associated (a) hadron fragments. Introducing a compact
notation the joint distribution (on rapidities) is indexed
by (p, t, a). The marginal projections appear on (a, p),
(t, p), (a, t), (p), (t) and (a). The sum of (t, p) and (a, p)
is (u, p), the measured FF ensemble (describing partons
fragmenting to unidentified hadrons). The chain rule can
be applied to that system in various ways: f(p, t, a) =
g(a, t|p)h(p), f(t, p) = g(t|p)h(p) = g′(p|t)h′(t), etc. The
measured conditional distributions are FFs on (u|p) and
TA hadron correlations on (a|t). Measured FFs can
be decomposed into trigger on (t|p) and associated on
(a|p) components using void probabilities as described in
Sec. V and illustrated in Fig. 4. We assume an approx-
imate factorization to marginal projections in the form
f(a, t, p) ≈ f(a, p)f(t, p)/f(p). Note that marginal pro-
jections onto (t, p) and (a, p) on both sides are equal. Pro-
jection onto (a, t) gives f(a, t) ≈ ∫ dpf(a, p)f(t, p)/f(p).
We now restore part of the conventional FF notation.
The full integral of joint distribution Fatp(a, t, p) per dijet
over the 3D rapidity space is 2n¯a ≡ 2n¯ch,j − 1, the mean
number of associated fragments per dijet in 4pi. The
relation among Fatp(a, t, p) marginals is then
Fat(a, t) ≈
∫
dymaxFap(a, p)Ftp(t, p)/Fp(p) (18)
→
∫
dymaxFap(a, p)Fˆpt(p, t)/Sˆp(p)
Da(a|t) ≈
∫
dymaxDa(a|p)Sˆp(p|t),
where the second line is obtained by canceling a com-
mon factor 2n¯a on the RHS and permuting p and t.
The third line is the required convolution integral ob-
tained by applying the chain rule to each function Fαβ
and canceling common factors Sˆt(t) and Sˆp(p). To pro-
ceed we require the parton-trigger conditional distribu-
tion Sˆp(p|t)→ Sˆp(ymax|ytrig).
B. Parton-trigger conditional distribution
For a given parton–collision-system combination we
partition FFs Du(y|ymax) into trigger Sˆt(ytrig|ymax) and
associated Da(yassoc|ymax) components as in Sec. V. We
obtain the required parton-trigger conditional distribu-
tion Sˆp(ymax|ytrig) from the trigger component of the
FFs as follows. The first line of
Fˆtp(ytrig, ymax) = Sˆt(ytrig|ymax)Sˆp(ymax) (19)
= Sˆp(ymax|ytrig)Sˆt(ytrig)
is constructed from the FF trigger component as in Fig. 4
(c) and parton spectrum Sˆp(ymax) derived from jet data
(App. B). The second line is an alternative application
of the chain rule. Sˆt(ytrig) is the projection of Fˆtp onto
ytrig obtained in Sec. VI. We then have
Sˆp(ymax|ytrig) ≈ Sˆt(ytrig|ymax)Sˆp(ymax)
Sˆt(ytrig)
(20)
as an application of Bayes’ theorem.
Figure 6 shows parton spectra Sˆp(ymax|ytrig), unit nor-
mal on ymax for each ytrig condition, for quark jets from
p-p collisions (left panel) and gluon jets from e+-e− col-
lisions (right panel). Those result can be compared with
Fig. 4 (c) where Sˆt(ytrig|ymax) is approximately unit nor-
mal on ytrig for each ymax condition. The z-axis lim-
its are the same in the two panels. The large differ-
ence between Figs. 4 (c) and 6 corresponds to the dif-
ference in marginal distributions. The trigger marginal
is broad, with mode near ytrig = 3, whereas the parton
marginal (jet spectrum) is steeply falling above a mode
near ymax = 3.75. For given parton rapidity the trigger
mode lies substantially below the kinematic upper bound,
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FIG. 6: (Color online) Conditional parton spectra
Sˆp(ymax|ytrig) for quark jets from p-p collisions (left) and
gluon jets from e+-e− collisions (right). The z-axis limits
(log scale) are 4 and 0.04. Although the FF ensembles for the
two systems are quite different these joint distributions are
similar. Measured jet-related TA structure does not extend
below trigger rapidity ytrig ≈ 2.5 (ptrig ≈ 0.85 GeV/c).
whereas for given trigger rapidity the parton mode lies
just above the kinematic lower bound.
Figure 6 illustrates the relation between hadron trigger
momentum (or ytrig) and conditional mean parton/jet
energy (or ymax). The p-p collision energy imposes kine-
matic constraints on ymax and therefore ytrig. For a
trigger hadron with ytrig ≈ 5.5 (pt ≈ 15 GeV/c) the
most probable parton rapidity is ymax ≈ 6 (Ejet ≈ 30
GeV), implying valence quarks near the kinematic upper
bound for
√
s = 200 GeV p-p collisions. For trigger ra-
pidity ytrig < 3.3 (pt < 2 GeV/c – most triggers) the
most-probable parton rapidity is ymax ≈ 3.75 (Ejet ≈ 3
GeV, minijets) near the lower bound of the parton spec-
trum. Over the typical trigger rapidity range considered
in this study we encounter the extremes of parton flavor
and hadronization: from valence-quark jets for 15 GeV/c
triggers to small-x gluon minijets for 1-2 GeV/c triggers.
C. Obtaining TA distributions from FFs
The conditional distribution Sˆp(ymax|ytrig) from
Fig. 6, an ensemble of parton spectra approximately unit-
normal on ymax, can be inserted into Eq. (18) (third line)
to obtain (with full notation)
Da(yassoc|ytrig) = (21)∫ ∞
ytrig
dymaxDa(yassoc|ymax)Sˆp(ymax|ytrig),
an ensemble of associated-hadron FF components aver-
aged over a subset of parton energies determined by the
trigger hadron. For a given ytrig condition all associated
FFs Da(yassoc|ymax) are truncated so that yassoc < ytrig.
The 2D TA distribution then extends up to the diagonal,
whereas Da(yassoc|ymax) in Fig. 4 (e) does not. Calcu-
lations of Eq. (21) are extended in this case to yx = 8
for all rapidities. The result is then cropped to yx < 4.5
to minimize the distorting effects at larger yx of an im-
posed upper bound on ymax. The fragment yx accep-
tance [1,4.5] corresponds to detected-hadron pt interval
[0.15,6] GeV/c, consistent with typical detector pt accep-
tance and data volumes (statistics limits at larger pt).
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FIG. 7: (Color online) Associated-hadron distributions
Da(yassoc|ytrig) conditional on trigger-hadron rapidity ytrig
for gluon jets (a) and quark jets (c) from e+-e− collisions
(App. A 2). Right panels show projections onto ytrig to ob-
tain associated multiplicities 2nassoc(ytrig) ≈ 2nch,j(ytrig)−1.
The left-panel z-axis limits (log scale) are 3 and 0.03.
Figures 7 and 8 show examples of FF TA distribu-
tions for four combinations of partons (light quarks or
gluons) and collision systems (e+-e− or p-p collisions).
Figure 7 shows results for gluon (a) and (b) and light-
quark (c) and (d) FFs from e+-e− collisions, with FFs
extending down to yassoc = 1 (detector acceptance limit).
Panels (b) and (d) show projections onto ytrig giving
the associated-fragment yield per dijet 2nassoc(ytrig) ≈
2nch,j(ytrig)− 1. Figure 8 shows equivalent results from
p-p¯ collisions. The effect of the FF cutoff near y = 1.5
(white dotted line) observed in p-p¯ FF data is appar-
ent. Generally, gluon FFs manifest substantially larger
fragment multiplicities and lower modes on yassoc than
light-quark FFs, as reflected in the structure of these 2D
TA distributions.
We can check the consistency of the algebra leading
to Eq. (21) by the following exercise. From Eq. (19) we
have
Sˆp(ymax) =
∫ ymax
0
dytrigSˆp(ymax|ytrig)Sˆt(ytrig) (22)
as one marginal projection of Fˆtp(ytrig, ymax). Multiply-
ing Eq. (21) through by factor Sˆt(ytrig) and integrating
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FIG. 8: (Color online) The same as Fig. 7 except from p-p¯
collisions (App. A 2). Note the lower bound near yassoc = 1.5
in comparison to yassoc = 1 for e
+-e− FFs. The left-panel
z-axis limits (log scale) are 3 and 0.03.
over ytrig establishes with Eq. (22) the following relations
Da(yassoc) =
∫
dytrigDa(yassoc|ytrig)Sˆt(ytrig) (23)
=
∫
dymaxDa(yassoc|ymax)Sˆp(ymax).
The second line is the equivalent of Eq. (17) for FF
associated-hadron component Da, the common marginal
projection from joint distributions Fat and Fap.
Figure 9 (left panel) shows FF TA joint distribution
Fat(yassoc, ytrig) as the product of Da(yassoc|ytrig) from
Fig. 8 (c) and FF trigger-fragment spectrum Sˆt(ytrig)
from Fig. 5 (right panel, solid curve). The predicted
structure indicates that the great majority of jet frag-
ments appears within p = 0.5 - 2 GeV/c (y ≈ 2 - 3.3).
Figure 9 (right panel) shows the projection Da(yassoc)
of the histogram in the left panel Sˆt(ytrig)Da(yassoc|ytrig)
onto yassoc compared to two analytic expressions. The
solid points (2D histogram projection) represent the up-
per line of Eq. (23). The solid curve represents the lower
line integrated within the same ytrig interval confirm-
ing the approximate equivalence of the two forms. The
dashed curve is the same projection with ytrig extended
to 8 to reduce the marginal distortion at larger yassoc
resulting from the limited ytrig interval.
The open circles are the 200 GeV NSD p-p spectrum
hard component in the form ytaH(yta)/fNSD for compar-
ison with the FF results. The spectrum hard component
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FIG. 9: (Color online) Left panel: Distribution
Da(yassoc|ytrig) from Fig. 8 (c) multiplied by trigger frag-
ment spectrum Sˆt(ytrig) from Fig. 5 (right panel) to form
the FF prediction for TA joint distribution Fat(yassoc, ytrig).
The z-axis limits (log scale) are 0.5 and 5×10−5. Right panel:
Projection of the histogram in the left panel onto yassoc (solid
points) compared to Da(yassoc) from Eq. (23) (dashed and
solid curves), the spectrum hard component from NSD p-p
collisions (open circles) and the trigger spectrum Sˆt derived
from p-p¯ FFs and jet spectrum (dash-dotted curve).
for hard events from Ref. [16] can be expressed as
∆ηHh(yta) = GhsTˆhh(yta) +Ahh(yta) (24)
≈ (1 + ∆nj)Du(yassoc)/yassoc.
Thus ytaH/fNSD = yta∆ηPhHh/nj,NSD ≈ yta∆ηHh ≈
Du(yassoc) = Sˆt(yassoc) +Da(yassoc), since for NSD p-p
collisions Ph/nj ≈ 1 and ∆nj ≈ 0.
VIII. FF COMPARISONS WITH p-p DATA
Predictions derived from fragmentation functions can
be compared with TA data from p-p collisions in several
ways, including 2D joint distributions and 1D marginal
projections onto ytrig and yassoc. Such comparisons
require a quantitative relation between data from p-p
collisions and predictions from FFs as established in
Sec. III C. Sections VI and VII assume single dijets within
a specific detector acceptance with no soft component.
Effects of soft components, limited yt and angular accep-
tances and additional (untriggered) dijets on the inferred
TA hard component must be accommodated in compar-
isons of FF predictions with real p-p data.
Hard events include both soft and hard components.
At least one but possibly several dijets may contribute to
the hard component, the number represented by quantity
1+∆nj(nch). Each event includes a single trigger hadron
which may come from the soft or hard component. If the
trigger is soft there is no correlation with the dijet con-
tribution (per the TCM). If the trigger is hard the asso-
ciated hadrons from one dijet should be correlated with
the trigger but not those from other dijets. Those several
possibilities are considered in each subsection below.
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A. Jet correlations and p-p data
In Sec. IV a two-component model was developed for
trigger spectra and TA correlations based on the TCM
for SP spectra. By construction the TA TCM includes no
2D correlations. For comparison of FF predictions with
real data we must enumerate the possible jet-related cor-
relations in data compared to other contributions, specif-
ically for hard events that include a dijet contribution.
To relate the measured trigger-spectrum hard compo-
nent to FF jet triggers we must account for multiple dijets
in some hard events. The p-p spectrum hard component
H is related to the FF fragment distribution Du by
yH(y, nch) = PhyHh ≈ f(nch)(∆η)Du(y). (25)
The possibility of multiple dijets in the same p-p hard
event is represented by factor ∆ηf(nch)/Ph(nch) = 1 +
∆nj . We then have
∆ηyHh(y, nch) ≈ [1 + ∆nj(nch)]Du(y), (26)
where the second term on the right presents a contribu-
tion from secondary dijets not correlated with the single
hard trigger in an event. The hadron spectrum hard
component for event multiplicity nch is thus related to
FF trigger and associated components for a single dijet.
For soft triggers in hard events the ensemble-average
fragment number should be [1 + ∆nj(nch)]2n¯ch,j ≈ nhh
uncorrelated with the trigger. For hard triggers with
rapidity ytt the fragment number per event should be
2nch,j(ytt) − 1 associated hadrons correlated with the
trigger and ∆nj(nch)2n¯ch,j hadrons uncorrelated with
the trigger, where the triggered-dijet fragment multiplic-
ity depends on the trigger rapidity (or parton energy).
B. Hard component of 1D trigger spectrum Tˆ(ytt)
Section VI describes a 1D trigger hard component de-
rived from FFs based on fragments from single dijets
appearing within acceptance ∆η and with no soft com-
ponent. We now derive the additional factors required
to relate FF predictions to p-p data. From Eq. (11)
Tˆhh = Ghh∆ηHh represents all potential triggers from
dijets. From Eq. (26) we have Ghh = GtG
∆nj
t , and from
Eq. (16) we have Sˆt = GtDu. Given Eq. (25) we con-
clude that
PhyttTˆhh(ytt, nch)/nj(nch) ≈ Gt(y)∆nj(nch)Sˆt(y)(27)
is the required relation between the hadron trigger hard
component yttTˆhh and the predicted fragment trigger
spectrum Sˆt based on FFs. They should coincide ap-
proximately for a single dijet (∆nj ≈ 0).
Figure 10 (left panel) shows a comparison between the
accepted fragment distribution Du and fragment trig-
ger spectrum Sˆt predicted from FF distributions for iso-
lated dijets and the hadron- and trigger-spectrum hard
components derived from 200 GeV p-p collisions for mul-
tiplicity class n = 1. The solid curve is the dijet total
fragment distribution Du within acceptance ∆η = 1.
The dash-dotted curve is the corresponding fragment
trigger spectrum Sˆt. The dotted curve is the hadron
spectrum hard-component model yttH(ytt, nch) divided
by dijet frequency f(ns) for a given multiplicity class,
and the dashed curve is the hadron trigger hard com-
ponent in the form PhyttTˆhh/nj . The points are NSD
p-p hard-component data from Ref. [16]. For multiplic-
ity class n = 1 the probability of a second dijet in a hard
event is negligible (∆nj ≈ 0). The difference in shape be-
tween the predicted fragment-trigger and hadron-trigger
spectra corresponds to the difference in the “parent” dis-
tributions Du and yttH below ytt = 3.3 (pt ≈ 2 GeV/c).
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FIG. 10: TCM Tˆhh (dashed curve) and FF Sˆt (dash-
dotted curve) trigger-spectrum models for two p-p multiplic-
ity classes. Full spectrum hard-component models from the
TCM (dotted curve) and FFs (solid curve) are compared with
the spectrum hard component from NSD p-p collisions in the
form yttH/f (solid points) [16]. The trigger-spectrum mod-
els differ in form for smaller yt,trig but vary together with
increasing nch in a manner consistent with Eq. (27).
Figure 10 (right panel) shows the same curves for mul-
tiplicity class n = 6. From Fig. 1 we determine that
∆nj ≈ 1. Based on Eq. (27) we plot G1t Sˆt as the dash-
dotted curve and find that the relation to PhyttThh/nj
is equivalent to that in the left panel modulo the differ-
ences in the parent distributions. Thus, Eq. (27) is a
good description of the relation between the predicted
and measured trigger spectra. Comparison of left and
right panels indicates that as the number of dijets in a
hard event increases significantly above 1 the void prob-
ability for smaller ytt values decreases accordingly.
C. Hard component of 2D conditional A(yta|ytt)
Section VII describes a 2D TA hard component derived
from FFs and is also based solely on fragments from sin-
gle dijets appearing within acceptance ∆η with no soft
spectrum component. We now derive additional factors
and terms that relate FF TA predictions to p-p TA data,
taking into account the presence of soft components and
the possibility of multiple dijets in hard events.
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From the measured TA conditional distribution A we
first subtract the TCM soft-component models
PhRhAhh = A− PsRsAs − PhRhAhs. (28)
Because the hard-event trigger ratio has the structure
Rh = GhhRhs +GhsRhh (29)
with soft and hard trigger components we obtain
Rh(ytt)Ahh(yta|ytt) = Ghh(ytt)Rhs(ytt)A′hh(yta|ytt)
+ Ghs(ytt)Rhh(ytt)A
†
hh(yta|ytt), (30)
where A′hh(yta|ytt, nch) ≈ nhhHˆ ′0(yta|ytt) with nhh =
(1 + ∆nj)2n¯ch,j since there is no jet correlation with
a soft trigger. A†hh in the second term representing hard
triggers in hard events can be further decomposed as
A†hh(yta|ytt, nch) = A∗hh(yta|ytt, nch) +A′′hh(yta|ytt)(31)
with A′′hh(yta|ytt) ≈ ∆nj(nch)2n¯ch,jHˆ ′0(yta|ytt) since the
second term (from one or more MB secondary dijets) is
not correlated with the trigger hadron. The first term
A∗hh with mean fragment number 2nch,j(ytt) − 1 corre-
sponds to a single dijet correlated with the hard trigger
at ytt. Introducing the ratios in the first line of
Xhs = GhhThs/Th Xhh = GhsThh/Th
A∗hh = (Ahh −XhsA′hh)/Xhh −A′′hh (32)
gives the triggered-jet component in the second line.
To summarize, combining the TA TCM soft com-
ponents with measured Tˆ and A we isolate RhAhh
in Eq. (28). Further application of the TCM in the
form of RhsA
′
hh (soft-trigger–dijet component) and A
′′
hh
(hard-trigger–secondary-dijet component) in Eqs. (30)
and (31) isolates ytaA
∗
hh(yta|ytt, nch) in Eq. (32) (hard-
trigger–primary-dijet component), the data equivalent
of Da(yassoc|ytrig) from FFs (hard-trigger–triggered-dijet
component) that is the principal object of TA analysis.
Figure 11 (left panels) shows data distributions
ytaA
∗
hh(yta|ytt, nch) from 200 GeV p-p collisions for mul-
tiplicity classes n = 2, 5 [29, 30] that can be compared
with FF equivalents in Figs. 7 and 8. The z-axis (log
scale) limits are the same in the two figures. The dotted
reference lines represent lower bounds typically observed
for data TA hard components.
Figure 11 (right panels) shows 2D histograms in the
left panels projected onto ytt to obtain (points)
2nassoc(ytt) ≈ 2nch,j(ytt)− 1 (33)
corresponding to single triggered dijets within the angu-
lar acceptance. Also shown for comparison are the FF
projections from the right panels of Figs. 7 and 8 for
four combinations of parton type and collision system.
For each of e+-e− and p-p systems the dashed curve is
for gluons, the solid curve for light (e.g. valence) quarks.
The comparison favors FFs from p-p¯ collisions.
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FIG. 11: (Color online) Left panels: Associated-hadron
conditional distribution A∗hh defined in Eq. (32) in the form
ytaA
∗
hh(yta|ytt, nch) from 200 GeV p-p collisions for multiplic-
ity classes n = 2, 5. The z-axis limits (log scale) are 3 and
0.03. The distributions are corrected for marginal-constraint
distortions [21]. The dotted reference lines are explained in
the text. Right panels: Projections 2nassoc of the 2D his-
tograms onto trigger rapidity yt,trig (points) compared to FF
predictions from p-p and e+-e− collisions and for quark jets
(solid curves) and gluon jets (dashed curves). Multiplicity
classes 2 and 5 represent a factor 9 increase in dijet frequency
per p-p collision.
As noted above, for 6 GeV triggers (yt,trig ≈ 4.5) the
most probable jet energy is approximately 10 GeV (Fig. 6
– left panel) or x ≈ 0.1. Given proton PDF structure
we expect (≈ valence) quark jets to make a substantial
contribution in that region. For 1 GeV triggers (yt,trig ≈
2.7) the most probable jet energy is near 3 GeV, and from
the proton PDF structure we expect dominance of gluon
jets for energy fraction x ≈ 0.03, but the FF difference
between gluon and quark jets is negligible for such low
parton energies [10].
For small nch the dijet contribution (hard component)
to hard events is comparable to and may even exceed the
soft contribution (low-multiplicity hard events are very
hard) in which case the dijet fragment multiplicity may
be strongly biased by the imposed nch condition, as in
panel (b). Since the hard fraction of hard events scales
approximately as 1/nch the dijet contribution for larger
nch is a smaller fraction and may be less biased, consis-
tent with panel (d) where TA data appear to favor FFs
from p-p¯ collisions and follow that yt,trig trend closely.
14
D. Hard component of 2D joint Fat(yta,ytt)
Figure 12 (left panels) shows the product
Tˆh(ytt, nch)ytaA
∗
hh(yta|ytt, nch) representing the
triggered-dijet TA hard component of hard events
from Fat(yta, ytt, nch) in Fig. 3 (b). The TCM PhTˆh
[bold dashed curve in Fig. 3 (a)] represents all hard-
event triggers. From Eq. (12) we can define the Fat
hard component of hard events as Fhh = PhTˆhAhh.
To some approximation A∗hh ↔ PhAhh/nj so that
TˆhA
∗
hh ≈ Fhh/nj , the Fat hard-event hard component
per dijet. Whereas Fhh/nj may represent an average
over multiple dijets per hard event TˆhA
∗
hh represents
single triggered dijets in hard events.
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FIG. 12: (Color online) Left panels: The per-dijet
hard component of TA joint distribution Fat in the form
Tˆh(ytt, nch)ytaA
∗
hh(yta|ytt, nch) from 200 GeV p-p collisions
for multiplicity classes n = 2, 5. The z-axis limits (log scale)
are 0.5 and 5×10−5, the same as Fig. 9 (left panel). The distri-
butions are corrected for marginal-constraint distortions [21].
Right panels: Projections of histograms in the left panels
onto yt,assoc (solid points) compared to equivalent projections
(solid and dashed curves) of Da(yassoc|ytrig) derived from
measured FFs [10, 13] and reconstructed-jet spectra [12]. The
200 GeV p-p yt spectrum hard component (open circles) and
FF trigger spectrum Sˆt(ytrig) are included for comparison.
Figure 12 (right panels) shows corresponding pro-
jections onto yta (solid points) compared to the FF-
predicted projection Da(yassoc) (solid, dashed curves) for
quark jets from p-p¯ collisions. As described in the text
below Eq. (21), to reduce distortions from finite integra-
tion domains 2D TA predictions from FFs described in
previous sections are calculated within rapidity spaces
extended to yx = 8, and the 2D histograms are then
cropped to smaller intervals as required. The dashed
curves in Fig. 12 (right panels) were produced with that
procedure, but the data domains in the left panels are
limited to ytt < 4.5. The solid curves in the right panels
were obtained by projecting across the reduced integra-
tion domain, and Da thus falls to zero near yta = 4.5.
Comparison of Fig. 12 (left panels) with Figure 9
(left panel) demonstrates general similarity, including 2D
mode positions and mean amplitudes (the z-axis limits
are the same). However, the 2D FF TA model does not
match the observed data lower bounds (dotted lines in
Figs. 11 and 12, left) that may reflect kinematic limits
on low-energy jet formation.
The p-p TA data distributions are significantly more
peaked near the 2D modes suggesting that the shape
of the underlying parton spectrum model Sˆp(ymax) near
its lower bound could be more sharply peaked than the
Gaussian model described in App. B , closer to the power-
law spectrum model used in Ref. [13] that terminates
sharply near 3 GeV. The jet (parton) spectrum appear-
ing in Fig. 5 (right panel) as the dash-dotted curve and
defined as a Gaussian shape on parton rapidity ymax in
App. B provides an accurate and comprehensive spec-
trum model for measured jet cross sections at jet ener-
gies above 5 GeV. However, there are no jet cross-section
data below that energy where most MB jets are produced
in high-energy nuclear collisions. Comparison of high-
statistics p-p TA correlation data and FF predictions may
help to refine the MB jet spectrum model near its lower
bound.
Figure 11 emphasizes the ytt dependence of TA
associated-particle distributions A∗hh compared to FF
predictions, whereas Fig. 12 confirms that most jet-
related triggers appear near ytt ≈ 3 (ptt ≈ 1.6 GeV/c)
corresponding to 3 GeV minijets, and most associated
fragments appear near yta = 2.5 (pta ≈ 0.85 GeV/c).
IX. SYSTEMATIC UNCERTAINTIES
A. Internal consistency
The accuracy of the FF-based TA TCM is indicated
by the extent of its internal consistency. The TA TCM
introduced in Ref. [21] was based only on the p-p SP spec-
trum nch dependence whose systematic uncertainties are
discussed in the next subsection. In that case the ap-
plication of probability analysis was rather simple. A
consistency check is provided by various marginal pro-
jections compared to 1D SP spectrum components. The
present study extends the TCM by including informa-
tion derived from parton FFs and a jet spectrum via the
probability chain rule and Bayes’ theorem.
Decomposition of the FF ensemble into trigger and as-
sociated components can be checked by comparison of
the trigger+associated sum with the SP spectrum hard
component as in Fig. 5 (right panel). The significant dif-
ferences near the distribution mode are probably due to
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inaccuracy of the assumed jet spectrum near its lower
bound, for which there are no jet cross-section data. The
same discrepancy is apparent in Fig. 10 where neverthe-
less the relation in Eq. (27) is confirmed as a reason-
able approximation. A check on the internal consistency
of application of the probability chain rule and Bayes’
theorem is provided by comparison of the two forms of
Eq. (23) in Fig. 9 (right panel). Finally, comparison of
the FF-based TA TCM with data in Figs. 11 and 12
shows good agreement with the data for the p-p¯ FFs.
B. Implications from SP spectrum uncertainties
The 1D TCM inferred from nch dependence of SP spec-
tra from 200 GeV p-p collisions [16] provides the basis for
the 2D TA TCM described in Sec. IV. Thus, some 2D
systematic uncertainties arise from the 1D system.
The main source of systematic uncertainty in the in-
ferred 1D SP spectrum hard component is the definition
of the soft-component model Sˆ0 as a limiting case of spec-
trum nch variation. Sˆ0 is a rapidly-decreasing function
in the interval yt = 1.5 - 2.5 where the hard component
becomes significant. The main effect of varying Sˆ0 model
parameters is to change the magnitude of Sˆ0 in that inter-
val, shape changes being secondary. Certain limit crite-
ria described in Ref. [16] establish stringent constraints
on Sˆ0 already in the yt interval 1.5-2, limiting system-
atic uncertainty at yt = 2 to ±0.002 (1/3 of Hˆ0 at that
point). The uncertainty range rapidly decreases above
that point. Uncertainty in the inferred hard component
is therefore greatest in that interval. Above yt = 2.5
(pt ≈ 1 GeV/c) SP spectra are dominated by H and the
hard component is accurately defined in that interval.
Some confirmation of the SP uncertainty estimate
arises from comparison of the inferred SP spectrum hard
component for NSD p-p collisions and a pQCD prediction
as established in Ref. [13]. Figure 5 (right panel) shows
the SP spectrum hard component (solid points) and the
corresponding pQCD prediction Du (dashed curve) de-
fined as a convolution of measured FFs and measured jet
spectrum. The agreement is good. Below 2 GeV/c the
pQCD calculation uncertainty is determined by uncer-
tainty in the jet spectrum lower bound and uncertainty
in the low-momentum structure of p-p¯ FFs.
Implications for the TA analysis are that 2D structure
for yta > 2.5 is well defined whereas structure below yta =
2 is increasingly uncertain with decreasing yta due to
uncertainty in the subtracted TA soft-component model.
C. Ratio comparison of TA TCM and TA data
Direct comparison of TA data with the TA TCM as a
ratio provides an indication of the quality of the model
over the entire kinematic domain whereas data-TCM dif-
ferences such as those appearing in Fig. 11 do not.
Figure 13 shows ratio Adata/ATCM for two multiplicity
classes n = 2, 6 representing a factor 4 multiplicity in-
crease (factor 16 dijet rate increase). ATCM for n = 5 is
shown in Fig. 3 (c). The ratio is approximately 1 (within
10%) for all ytt and for yta < 2.5 indicating that the TCM
soft components provide a reasonable data model. The
same soft reference applies to all event classes. For larger
nch (right panel) the empty bins at small ytt arise from
lack of statistics for smaller event and trigger numbers.
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FIG. 13: Ratio Adata/ATCM for two multiplicity classes. The
soft components are well matched leading to a ratio ≈ 1 for
yta < 2.5. Above that point triggered-dijet correlations are
apparent as strong deviations from the TA TCM.
If the TA data system were trivial (no correlations) we
should expect the 2D ratio to be uniform across the entire
kinematic domain. The deviations at larger yta and ytt
represent the desired nonfactorizable jet structure that
is the object of TA analysis. The TCM hard compo-
nent appearing in Fig. 3 (d) is uniform on ytt (modulo
the marginal-constraint distortion at the left edge) and
represents a marginal projection of the 2D TA hard com-
ponent. The dijet contribution correlated with a trigger
particle is less than the average for smaller ytt and greater
than the average for larger ytt as shown in Fig. 13.
D. Implications from nch dependence
The TA hard component increases relative to the soft
component linearly ∝ nch. If there were a system-
atic bias arising from subtraction of TCM soft com-
ponents to isolate the TA data hard component, as in
Sec. VIII, any such bias should scale approximately with
the soft/hard ratio and should be most apparent near the
hard-component kinematic boundaries where that ratio
is largest. No significant nch bias is apparent in Figs. 11
and 12 (left panels).
E. Marginal-constraint distortions
For a given multiplicity class nch the associated parti-
cles for each trigger class ytt are constrained to sum to
n˜ch − 1. That constraint biases the data in at least two
ways. First, the TCM model is distorted as illustrated in
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Fig. 3 (d) (increased amplitude along the left edge) com-
pared to the input hard-component model that is uni-
form on ytt modulo the condition yta < ytt. Comparison
of the TCM hard component with the input generates
a correction function Dh(ytt) as noted in Ref. [21]. The
correction derived from the TCM has been applied to the
A∗hh data in Figs. 11 and 12 (left panels).
A second issue is the bias imposed on triggered di-
jets. Dijet structure should depend strongly on ytt as
a proxy for the parton/jet energy. However, to some
extent requirement of a fixed number of associated frag-
ments must bias the fragmentation cascade (for instance
to one higher-momentum trigger and a compensating re-
duced number of lower-momentum fragments if nch is
small). That bias is suggested by comparing panels (b)
and (d) of Fig. 11. The bias should be most severe where
the dijet contributes a major fraction of the event mul-
tiplicity, as for smaller event multiplicities (b), and the
data seem consistent with that expectation.
X. DISCUSSION
In this study we have established an algebraic connec-
tion between dijet TA systematics (via measured FFs and
jet spectrum) and the hard component of hadron TA cor-
relations from high-energy p-p collisions. A major goal of
the study is a test of the hypothesis that the observed 2D
TA hard component does represent dijet production, as
already strongly suggested by 1D SP spectrum analysis.
Several other aspects of dijet production in high-energy
p-p collisions can be addressed by comparing FF TA pre-
dictions with TA data: (a) What are the kinematic lower
limits on dijet production (parton energy and fragment
momentum) in nuclear collisions? (b) Are FFs universal
as assumed in some treatments? (c) What are the impli-
cations for underlying event (UE) studies and multiple
parton interactions (MPI)?
A. Kinematic limits on dijets in p-p collisions
Dijet contributions to yields, spectra and correlations
at lower fragment momenta and parton (jet) energies
have been dismissed in the context of heavy ion collisions.
It is argued that since a pQCD description is not well
established in that kinematic domain jet interpretations
are not supported by theory. In the absence of defini-
tive theoretical predictions hadrons below 2 GeV/c are
conventionally attributed to emission from a thermalized
flowing bulk medium. Such arguments are questionable
for two reasons: (a) the systematics of reconstructed MB
dijets and (b) accurate description of measured hadron
hard components based on the same jet systematics.
Appendix A presents FFs from isolated dijets mea-
sured accurately down to 0.1 GeV/c (e+-e− FFs) or
0.35 GeV/c (p-p¯ FFs) fragment momentum. Complete
FFs have been measured accurately down to Ejet =
7 GeV [32], and jet fragment multiplicities have been
measured down to Ejet = 2.25 GeV [33]. A simple
parametrization describes FF evolution with parton en-
ergy down to 3 GeV [10]. Although pQCD in the form of
DGLAP equations [34] or the MLLA [35] describes FFs
only down to the FF mode (0.7 - 2 GeV/c) the FF data
are fully represented over the entire momentum accep-
tance of typical particle detectors. Appendix B presents
jet spectra measured down to 4-5 GeV jet energy [31]
and described accurately over a large range of jet and p-p¯
collision energies by a simple QCD-inspired parametriza-
tion [12]. The absence of a pQCD description over some
part of that kinematic domain does not preclude real jet
fragment production down to low hadron momenta.
In Ref. [13] measured p-p¯ FFs and a jet spectrum model
derived from measured jet cross sections accurately de-
scribes spectrum hard components down to 0.35 GeV/c
hadron (fragment) momentum from 200 GeV NSD p-p
collisions [16] and from Au-Au collisions over a range of
centralities [11]. In Sec. VIII measured FFs and a MB jet
spectrum are combined to predict hadron TA correlations
quantitatively over a large fraction of the 2D kinematic
domain. Disagreements for small hadron momenta may
reveal kinematic limits to jet production near 3 GeV jet
energy and 0.35-0.75 GeV/c fragment (trigger and associ-
ated) momentum, providing unprecedented access to the
details of low-energy jet formation and confirming the
importance of dijet production at low hadron momenta..
B. e-e vs p-p¯ FFs and FF universality
QCD factorization allows the separation of long-range
(soft) and short-range (hard) processes in pQCD calcu-
lations of cross sections [38]. Soft processes are measured
and hard processes are predicted. In pQCD calculations
of hadron production via hard parton scattering to jets
measured fragmentation functions represent (mostly soft)
parton fragmentation, and it is typically assumed that
the FFs are universal, independent of the particular con-
text in which they are applied. Universality has been
tested in various contexts including p-p¯ collisions as in
Ref. [39] where it is concluded that “...our global analy-
sis of inclusive charged-hadron production provides evi-
dence that both the predicted scaling violations and the
universality of the FFs are realized in nature.”
However, universality tests in the context of p-p or
p-p¯ collisions involve comparisons between predictions
based on FF ensembles inferred from e+-e− collisions
and hadron p-p SP spectra where application of a fac-
torization theorem and assumed FF universality applies
only to the jet-related spectrum hard component. The
sensitivity of such tests is then reduced at lower pt by
the dominant spectrum soft component resulting from
projectile proton dissociation [11, 16]. Comparisons are
typically not extended below hadron pt ≈ 1 GeV/c where
discrepancies of a factor 2 or more may already be ap-
parent.
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In Fig. 16 a direct comparison between e+-e− and p-p¯
FFs inferred from event-wise jet reconstruction shows
large deviations below 3-4 GeV/c where the p-p¯ FFs fall
well below the e+-e− FFs [10, 13]. One could argue that
jet reconstruction in p-p¯ collisions may lead to inefficien-
cies for smaller hadron momenta and larger angular dis-
tances from the jet axis due to a limited cone radius.
However, direct comparisons between fragment distribu-
tions based on p-p¯ FFs and hadron spectrum hard com-
ponents, where jet reconstruction does not play a role,
appear to confirm the discrepancy [11, 13, 16]. Differ-
ential study of hadron SP spectrum structure via a two-
component analysis and direct comparison of measured
FFs from e+-e− and p-p¯ collisions with the isolated spec-
trum hard component suggests that FF universality is
strongly violated below fragment momentum 2 GeV/c.
Universality may be tested more differentially with TA
correlation analysis of p-p collision data. Figure 11 (right
panels) indicates that the ratio of dijet-associated yields
for e+-e− vs p-p¯ FFs is approximately a factor 4-5 near
ytt = 3 where the majority of jet fragments emerge, as in-
dicated in Fig. 12 (left panels). The preliminary p-p TA
data in Fig. 11 strongly favor the p-p¯ FFs that closely
follow the data trends. Universality might be argued for
larger parton energies and fragment momenta, but near
the kinematic limits of jet production FF universality is
strongly violated. 2D TA results are consistent with sim-
ilar indications from previous 1D spectrum analysis [13].
C. Relation to UE studies and interpretations
The underlying event (UE) in hard p-p collisions (in-
cluding at least one dijet within the acceptance) has
been studied extensively in the context of searches for
multiple-parton interactions (MPI) [40]. It is assumed
that relative to the triggered-jet axis the azimuth trans-
verse region (TR, ||φ−φtrigger|−pi/2| < pi/6) includes no
contribution from the triggered dijet and therefore pro-
vides diagnostic measures for UE contributions thought
to represent beam-beam remnants (BBR, fragments from
projectile-nucleon dissociation) and MPI [41–43].
TR properties exhibit characteristic variations with
changing trigger condition over a range of p-p or p-p¯ col-
lision energies. Some TR trends have been interpreted in
terms of a growing probability of MPI resulting from in-
creased p-p centrality. With increasing trigger pt the TR
hadron multiplicity (or pt sum) first increases rapidly and
then saturates, the saturation value depending strongly
on collision energy. A p-p centrality increase is inferred
from the TR multiplicity increase and associated with
increased dijet production [40, 44]. The TR pt spectrum
includes a hard component [42]. Given conventional UE
assumptions and inferred centrality trend the TR hard
component is attributed to non-triggered dijets (MPI).
However, conventional assumptions that the UE does
not include a contribution from the trigger dijet can be
questioned [20]. Analysis of dijet 2D angular correlations
reveals that MB (mainly low-energy) dijets contribute
substantially to the TR and that higher-energy dijets
include the same MB low-momentum, large-angle base
structure that may be excluded from conventional event-
wise jet reconstruction. The TR region should therefore
include a hard contribution from the triggered dijet.
Analysis of p-p nch dependence indicates that a pt-
based jet trigger probably selects low-multiplicity hard
events where MPI are unlikely, whereas imposition of a
large-nch condition would make MPI quite probable (di-
jet frequency per p-p collision increases as n2ch [16, 20]).
The TA analysis introduced in Ref. [21] may con-
tribute to UE studies in several ways: (a) Given a TA
azimuth reference the jet-related TA correlation struc-
ture within the TR becomes accessible. Is there a
triggered-dijet contribution to the TR, especially in low-
multiplicity events with negligible secondary dijets? (b)
In higher-multiplicity events is there a nontriggered-dijet
contribution to the TR uncorrelated with the trigger?
(c) Are jet-related charge correlations consistent with
MPI? Triggered-jet same-side TA correlations should ex-
hibit strong charge correlations, whereas untriggered sec-
ondary dijets in the same azimuth interval should not.
FF universality also relates to UE studies. If p-p¯ FFs
were equivalent to e+-e− FFs with their much larger
lower-momentum (and hence larger-angle) fragment den-
sity the TR should include a much larger contribution
from the triggered dijet, as suggested by Fig. 11. Even
for p-p¯ FFs the triggered-dijet contribution is substantial.
D. Triggered dihadron correlations
So-called triggered dihadron correlations [36] have cer-
tain features in common with the TA analysis described
in Ref. [21] and the present study. For a specified class of
collision events the highest-momentum hadron in each
event falling within a restricted trigger pt interval is
paired with each one of that fraction of the other hadrons
falling within an associated pt interval. The hadron pairs
meeting those trigger-associated pt conditions (cuts) are
then used to construct angular correlations on 1D az-
imuth φ or 2D (η, φ). The trigger hadron is assumed
(with some probability) to be a proxy for the leading
parton of a jet, and some of the associated hadrons may
be fragments of that jet. Based on certain strong assump-
tions a combinatoric background model function is sub-
tracted from the sibling (same-event) pair distribution to
isolate the nominal jet-related correlation structure [37].
Although the terminology is similar and the goals are
related (identify jet-related correlation structure) the de-
tails and results are quite different. The object of TA cor-
relation analysis as described in Ref. [21] and the present
study is MB jet-related correlation structure distributed
on trigger and associated pt or yt with no restrictions on
the hadron momenta. Thus, all MB jet structure is iden-
tified. The subtracted soft-component model is based
on 1D spectrum analysis of p-p collision data where the
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complementary hard component has been quantitatively
confirmed as representing all MB QCD jet structure.
In contrast, triggered-dihadron correlations include re-
strictive pt cuts that select only a small fraction of the
MB jet structure. For instance, a typical cut combi-
nation is pt,trig ∈ [4, 6] GeV/c (yt,trig ∈ [4, 4.5]) and
pt,assoc ∈ [2, 4] GeV/c (yt,assoc ∈ [3.3, 4]) [36] correspond-
ing to a small rectangle at upper right in Fig. 12 (left
panels) including a tiny fraction of the total MB jet frag-
ments and corresponding to jet energies near 7 GeV ac-
cording to Fig. 6 (left panel). Angular correlations from
MB jet fragments that survive such cuts are then sub-
jected to so-called ZYAM (zero yield at minimum) back-
ground subtraction (assuming that there is no overlap of
intrajet and interjet azimuth correlation peaks) that may
remove a further substantial fraction of the surviving jet
structure, biasing and distorting the result [37].
E. Hard-component stability with varying nch
In Sec. III C the dijet production rate is nj ∝ n2s ≈ n2ch.
Thus, charge multiplicity provides strong control of dijet
rates and MPI. Typical p-p data volumes insure a usable
factor 10 increase of nch relative to NSD p-p collisions and
therefore a factor 100 increase in the dijet production
rate, from an average few-percent probability per NSD
collision (within ∆η ≈ 2) to two or more dijets in each
collision. In Figs. 11 and 12 there is a factor 9 increase
in dijet rate between multiplicity classes n = 2 and 5.
If multiple dijets were coupled in some way (as some
MPI scenarios suggest) we might expect to observe a
quadratic dependence of coupling effects corresponding
to the dijet production rate per event. No such depen-
dence is evident in data. The TA hard (dijet) component
is remarkably stable over a large dijet frequency range.
In Fig. 11 (right panels) we do see possible indications
of selection bias due to the event multiplicity. For the
lowest-multiplicity events the hard-component multiplic-
ity of hard events is comparable to the soft-component
multiplicity. The imposition of an event multiplicity con-
straint may then bias the hard component, and prelimi-
nary data in Fig. 11 (b) suggest that is the case: 2nassoc
is nearly independent of ytt. For larger event multiplic-
ities the hard-component fraction falls toward 10% and
bias from the multiplicity constraint may be substantially
reduced, as suggested by Fig. 11 (d) where 2nassoc(ytt)
follows the TA prediction from p-p¯ FFs.
F. p-p TA data as a reference for dijets in A-A
Analysis of yields, spectra and correlations from p-p
collisions provides a testing ground for any theoretical
description of soft and hard QCD processes. Improved
understanding of QCD in p-p collisions should provide a
more accurate reference for novel physics in A-A colli-
sions and LHC searches for physics beyond the Standard
Model. Current p-p issues include UE analysis and in-
terpretation, dijet production and angular structure, the
role of MPI, the relevance of p-p centrality, possible par-
tonic collectivity in p-p and p-A collisions, Monte Carlo
modeling and the TCM for hadron production. Although
a major effort has been devoted to p-p measurements and
theoretical analysis a number of issues remain unresolved.
Conventional p-p vs A-A comparisons of dijet produc-
tion have been quite limited, for instance spectrum ra-
tio RAA or dihadron azimuth correlations with trigger-
associated pt cuts and ZYAM subtraction that typically
access a small fraction of all jet fragments within a small
fraction of momentum space [13, 37]. Such restricted
comparisons are contrasted with MB analysis (no pt con-
ditions) of yields, spectra and correlations in the TCM
context where almost all jet fragments within a detector
acceptance are addressed quantitatively [11–14, 16–18].
TA analysis as described in Ref. [21] further extends
the p-p reference system for comparisons with similar
analysis of A-A collisions. In previous work we estab-
lished a pQCD context for the TCM of spectra and an-
gular correlations in p-p and A-A collisions [11–13, 16].
In the present study we extend the pQCD description
to jet-related hard components of TA correlations from
p-p collisions. Follow-up TA analysis of p-A, d-A and
A-A collisions may reveal changes in the TA TCM (and
pQCD) description required to accommodate modified
dijet production in larger collision systems.
XI. SUMMARY
The extent of dijet contributions to hadron produc-
tion in high-energy nuclear collisions has been strongly
questioned recently. Nominal jet manifestations in small
as well as large collision systems have been reinterpreted
as representing collective flows, the paradigm shift mo-
tivated in part by a priori assumptions about kinematic
and theoretical limits on jet production as a QCD phe-
nomenon. Resolving the apparent conflict between op-
posing interpretations requires a more complete reference
for minimum-bias dijet production in p-p collisions—
directly linked to measured in-vacuum jet properties—
that can be applied to p-A, d-A and A-A collisions.
In previous studies certain features of hadron spectra
and angular correlations from 200 GeV p-p collisions were
related quantitatively to measured minimum-bias QCD
jet systematics. A hadron spectrum hard component
was predicted by convoluting measured parton fragmen-
tation functions (FFs) with a measured minimum-bias jet
spectrum. A hard component of 2D angular correlations
was in turn related to the 1D spectrum hard component
and thereby to QCD dijets. Complementary transverse-
momentum or -rapidity (symmetrized yt×yt) correlations
also include a jet-related hard component, but a quanti-
tative connection to QCD jets has not been established.
In a more-recent study we developed a two-component
model (TCM) for trigger-associated (TA) correlations.
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Asymmetric TA rapidity correlations on yta×ytt are dis-
tinct from but closely related to symmetrized correlations
on yt × yt. Subtracting the TCM soft component from
measured TA correlations for p-p collisions should reveal
a hard component representing all fragments from all jets
appearing within some detector acceptance.
In the present study we distinguish a TA hard compo-
nent representing triggered dijets from that for secondary
dijets accompanying the triggered dijet (corresponding to
multiple parton interactions (MPI). We derive a quanti-
tative relation among TA hadron correlations, measured
FFs and a MB jet spectrum. To establish a connection
between TA hard components inferred from p-p collisions
and jet measurements we first partition measured FFs
from e+-e− and p-p¯ collisions into trigger and associated
components. We combine the trigger and associated FF
components with a measured MB jet spectrum accord-
ing to the probability chain rule and Bayes’ theorem to
define theoretical QCD (FF) predictions for p-p TA hard
components. We then compare the FF predictions with
preliminary TA data from 200 GeV p-p collisions.
We find quantitative agreement between measured TA
correlations and TA predictions derived from measured
p-p¯ FFs and a MB jet spectrum inferred from p-p¯ colli-
sions. Predictions based on e+-e− FFs strongly disagree
with the p-p TA data, challenging assumptions about FF
universality. The discrepancy cannot be attributed to
differences in jet-finding algorithms or to the p-p¯ under-
lying event, since TA correlations include all fragments
from all dijets within the acceptance. Kinematic lower
bounds on dijet energy and fragment momentum inferred
from these comparisons are substantially lower than con-
ventional assumptions about dijet production in nuclear
collisions and confirm a jet-spectrum lower bound near
3 GeV. From these TA results we confirm that most jet
fragments are produced with pt < 2 GeV/c (yt ≈ 3.3).
TA correlations from p-p collisions combined with
QCD predictions from the present study may further
clarify the quantitative connection between QCD jets and
measured MB spectrum and correlation structures. The
TA hard component represents all jet contributions, not
just a biased sample determined by imposed pt cuts and
background subtractions. Relative to the trigger, dis-
tinct structures from secondary jets (MPI) may be com-
pared with FF predictions. And, conventional assump-
tions about azimuth dependence invoked in underlying-
event studies may be tested. TA correlation analysis can
be applied to p-A, d-A and A-A collisions to access MB
dijet structure in those systems and test claims of collec-
tive motion (flows) as an alternative to dijet production.
This work was supported in part by the Office of Sci-
ence of the U.S. DOE under grant DE-FG03-97ER41020.
Appendix A: Fragmentation functions
Reconstruction of isolated dijets from e+-e− colli-
sions has provided accurate determination of in-vacuum
jet properties for specific jet energies. Nonperturba-
tive fragmentation functions (FFs) have been measured
down to small hadron momenta [32, 45] and have been
parametrized simply and precisely over a large jet energy
range (3 to 200 GeV) [10]. Jet systematics in elementary
p-p and composite A-A collisions are less certain.
Fragmentation functions derived from in-vacuum dijets
have been described in terms of several kinematic vari-
ables, including scalar total momentum p [45] and longi-
tudinal (along the dijet axis) momentum pz and trans-
verse momentum pt [46]. The relation to the jet energy
has been represented by momentum or energy fraction
xp = p/pjet or xE = E/Ejet and logarithmic measures
ξ = log(1/x).
Measured FFs are derived from isolated (di)jets recon-
structed within high-energy elementary collisions (e.g.
e+-e−, p-p, p-p¯). Although the higher-momentum por-
tions of high-energy FFs can be described by pQCD much
of the distribution is not amenable to theory and must be
measured. FFs are conventionally represented by quan-
tity Dβα(x|Q2) where α and β represent hadron and par-
ton types, x is the fragment momentum or energy frac-
tion (of jet energy Ejet) and Q is the energy scale (dijet
total energy 2Ejet).
In this study we employ rapidity variables y
and ymax as defined in Sec. II A to describe FFs,
with Dα(y|ymax) ≡ 2dnch,j(ymax)/dy, the fragment-
multiplicity rapidity density per dijet into 4pi acceptance.
The explicit factor 2 reminds that this quantity repre-
sents a dijet fragment multiplicity. As noted, subscript α
in this study has values u (all unidentified-hadron frag-
ments), t (trigger fragments) or a (associated fragments).
The leading-parton type (light quark or gluon) is noted
in the text as required.
1. FF parametrization of e+-e− data
Figure 14 (left panel) shows measured FFs (points)
for three dijet energies derived from e+-e− collisions by
TASSO [32] and OPAL [45]. The data are of exceptional
quality and extend down to low fragment momentum.
When plotted on fragment rapidity y the FFs exhibit
self-similar evolution with jet energy (ymax). The solid
curves show the FF parametrization used in this study.
Figure 14 (right panel) shows the self-similar data
in the left panel plotted on scaled rapidity u = (y −
ymin)/(ymax − ymin) with ymin ≈ 0.35 (p ≈ 50 MeV/c)
rescaled to unit integral. The solid curves are beta dis-
tributions with parameters p and q nearly constant over
the large jet energy interval. The simple two-parameter
description is accurate to a few percent within the jet en-
ergy interval 3 GeV (ymax ≈ 3.75) to 200 GeV (ymax ≈
8). [10]. FF data for light-quark and gluon jets are sepa-
rately parametrized, but the parametrizations for gluon
and quark jets converge near Ejet = 3 GeV.
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FIG. 14: Left: Fragmentation functions from e+-e− col-
lisions for three energies [32, 45] plotted vs rapidity y =
ln[(E+p)/mpi] as in Ref. [10]. Dijet energies are specified. The
left vertical line indicates a common ymin ≈ 0.35 (pt ≈ 0.05
GeV/c). Other vertical lines indicate ymax values. Right: The
same FFs normalized to unit integral and plotted vs normal-
ized rapidity u = (y − ymin)/(ymax − ymin). The data over a
large jet energy range and the full fragment momentum range
are well described by a single beta distribution.
2. p-p vs e+-e− FF comparison
There are substantial differences between in-vacuum
dijets from e+-e− collisions and event-wise reconstructed
jets from p-p or p-p¯ collisions. Accommodation of those
differences is critical for quantitative comparisons be-
tween FFs and p-p spectra and correlations.
Figure 15 shows parametrizations of an ensemble of
FFs for gluons from e+-e− collisions (left panel) com-
pared to quarks from p-p¯ collisions (right panel) [10].
The two systems represent limiting cases for this study.
The gluon FF modes on y are significantly lower and the
fragment yields substantially larger because of the larger
color charge. The FF mode on momentum p for high-
energy jets shifts by more than a factor 2 between the
two cases. The measured FFs for p-p or p-p¯ collisions
appear to be cut off near y = 1.5 (≈ 0.3 GeV/c) whereas
those from e+-e− collisions follow the parametrization
down to a much smaller cutoff at ymin ≈ 0.35.
Figure 16 (left panel) shows FFs derived from p-p¯ col-
lisions by the CDF collaboration (points) using an event-
wise jet-finder method [48]. Comparison with the e+-e−
parametrization (dashed curves) indicates that a sub-
stantial fraction of dijets may be missing from p-p¯ FFs
at lower fragment momentum. We conjecture that some
low-momentum part of the p-p dijets may be excluded
from the mid-rapidity angular acceptance due to longi-
tudinal transport, as discussed in Ref. [13] Sec. XIII-C.
Figure 16 (right panel) shows ratios of p-p¯ FFs in the
left panel to equivalent e+-e− parametrizations illustrat-
ing the differences. The solid curve is tanh[(y− 1.5)/1.7]
which describes measured p-p¯ FFs relative to e+-e− FFs
for dijet energies below 70 GeV. That combination is used
to represent p-p FFs for this study.
Observed jet fragment yields from 200 GeV NSD p-p
collisions [16] can be compared with expectations from
e+-e− FFs [10]. The most probable jets in p-p collisions
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FIG. 15: (Color online) Left: Parametrized dijet fragmen-
tation functions Du(y|ymax) for gluons from e+-e− collisions
fragmenting to unidentified hadrons derived from LEP [45]
and HERA [32] data with fragment y = [(E + p)/mpi] and
parton ymax = ln(2Ejet/mpi) [10]. The z-axis limits (log
scale) are 12 and 0.12. Right: The parametrization on the
left has been altered (see text) to describe FFs from 1.8 TeV
p-p¯ collisions. The z-axis limits (log scale) are 6 and 0.06.
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FIG. 16: Left: FFs from 1.8 TeV p-p¯ collisions (points) from
Ref. [48]. The solid curves represent the p-p FF parametriza-
tion from Ref. [13]. Dijet energies are specified. The dashed
curves are from the e+-e− parametrization of Ref. [10] for
comparison. Right: The ratio of p-p to e+-e− parametriza-
tions (curves) and p-p¯ data to e+-e− parametrization (points)
from the left panel. The solid curve tanh[(y − 1.5)/1.7] de-
scribing dijets below 70 GeV is used in the present study.
have Ejet ≈ 3 GeV (minijets). For NSD collisions we
observe dnh/dη = 0.005 × 2.52 ≈ 0.03 from Eq. (5) and
fNSD ≈ 0.025 leading to mean dijet fragment multiplic-
ity 2n¯ch,j ≈ 2 from Eq. (8). That value can be compared
with 2nch,j(ymax) ≈ 5 for e+-e− dijets in Fig. 4 (b) with
ymax = 3.75 (Ejet = 3 GeV). Thus, measured 3 GeV
p-p dijets include approximately 40% of e+-e− dijet frag-
ments. As noted in Sec. X B such results call into ques-
tion conventional assumptions about FF universality.
Appendix B: jet/Parton spectra
The MB scattered-parton spectrum for a given col-
lision energy
√
sNN is denoted by d
2σj/dymaxdη ≡
Sp(ymax|ybeam) with ybeam → yb defined below. System-
atic analysis of available jet production data from the ISR
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and Spp¯S below 1 TeV beam energy has lead to a sim-
ple parametrization based on rapidities [19]. The beam
rapidity relative to pion mass is yb ≡ ln(
√
s/0.14 GeV),
yb0 ≡ ln(Q0/0.14) with Q0 ≈ 10 GeV determined by jet-
related correlation trends and ym0 = ln(2Ecut/0.14). We
then define ∆yb = yb − yb0, ∆ymax = yb − ym0 and nor-
malized rapidity u = (ymax−ym0)/∆ymax. The resulting
parametrized parton spectrum conditional on beam ra-
pidity is
d2σj
dymaxdη
= pt
d2σj
dptdη
(B1)
= 0.026∆y2b
1√
2piσ2u
e−u
2/2σ2u
with σu ≈ 1/7 and Ecut ≈ 3 GeV determined by data.
Figure 17 (left panel) shows jet production data for
several beam energies (points) compared to Eq. (B1)
(solid curves). The cross-section data for a broad range
of collision energies are described accurately down to
Ejet ≈ 3 GeV where jet production via charged hadrons
apparently terminates due to kinematic constraints.
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FIG. 17: Left: Measured jet spectra from p-p¯ collisions
(points) for several collision energies below 1 TeV. The solid
curves through data were generated by Eq. (B1). Right: The
data from the left panel normalized to unit integral and plot-
ted on normalized rapidity u = (ymax − ym0)/(ybeam − ym0).
Figure 17 (right panel) shows the data from the left
panel normalized according to the y-axis label and plot-
ted vs normalized rapidity u. The data fall on a common
Gaussian locus as in Eq. (B1), a manifestation of spec-
trum self-similarity when plotted on a rapidity variable.
That result can be compared with Fig. 14 (right panel)
where a similar self-similarity is exhibited by fragmenta-
tion functions.
The jet frequency fNSD ≡ (1/σNSD)dσj/dη required
to relate jet manifestations in p-p collisions to FF data is
determined as follows. The jet spectrum integral is
dσj
dη
= 0.026∆y2b∆ymax, (B2)
and the NSD cross section at 200 GeV is σNSD ≈ 34
mb [12, 47]. For 200 GeV p-p collisions the ratio cor-
responds to fNSD ≈ 0.029. Given the stated systematic
uncertainties for the Spp¯S jet cross sections we adopt 200
GeV fNSD ≈ 0.025± 0.005 for this study.
We have used two parton spectrum models to re-
late measured dijet FFs to the spectrum hard compo-
nent from p-p collisions. In Ref. [13] the power-law
spectrum model varied as 1/E5.75jet with a lower bound
at Ejet,cut ≈ 3 GeV (ymax,cut ≈ 3.75) integrating to
dσj/dη ≈ 1.2 mb. In the present study the Gaussian
model of Eq. (B1) developed in Ref. [12] is cut off at
Ejet,cut ≈ 2.5 GeV (ymax,cut ≈ 3.55) and integrates to
dσj/dη ≈ 0.85 mb. While the Gaussian model describes
jet spectra over a large range of jet and p-p–collision ener-
gies the power-law shape near the spectrum lower bound
may be more appropriate based on results in Sec. VIII.
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